The existence of optimal binary self-dual codes is a long-standing research problem. In this paper, we present some results concerning the decomposition of binary self-dual codes with a dihedral automorphism group D2p, where p is a prime. These results are applied to construct new self-dual codes with length 78 or 116. We obtain 16 inequivalent self-dual [78, 39, 14] codes, four of which have new weight enumerators. We also show that there are at least 141 inequivalent self-dual [116, 58, 18] codes, most of which are new up to equivalence. Meanwhile, we give some restrictions on the weight enumerators of singly even self-dual codes. We use these restrictions to exclude some possible weight enumerators of self-dual codes with lengths 74, 76, 82, 98 and 100.
I. INTRODUCTION
Binary self-dual codes have been of particular interest for some time now. The extended Hamming [8, 4, 4] code, the extended Golay [24, 12, 8] code and certain extended quadratic residue codes are well-known examples of binary self-dual codes. It is known [31] that if there is a natural number r > 1 that divides the weight of all vectors in a binary self-dual code C, then r = 2 or 4. A binary self-dual code in which all weights are divisible by 4 is called a doubly even self-dual (or Type II) code, otherwise we call it a singly even self-dual (or Type I) code. All doubly even self-dual codes of length up to 40 have been classified [34] , [35] , [13] , [2] and a classification of singly even self-dual codes of length up to 38 is also known [34] , [35] , [13] , [4] , [3] , [28] , [6] .
Let C be a binary self-dual code of length n and minimum distance d. By results of Mallows-Sloane [33] and Rains [36] , we have n 24 ⌋ + 4 and n ≡ 22 (mod 24) then we say C is near extremal. If there is no extremal code with a given length, then we are interested in the code that attains the largest possible minimum distance. Such a code is called an optimal code. A list of possible weight enumerators of extremal self-dual codes of length up to 72 was given by Conway and Sloane in [14] . This list was extended by Dougherty, Gulliver, and Harada in [18] , where lengths are listed up to 100. However, the existence of some extremal self-dual codes is still unknown. For the classification and enumeration of binary self-dual codes, a survey of known results can be found in [30] , [37] . For the database of self-dual codes, we refer the reader to [26] , [19] .
For self-dual codes with large length, a complete classification seems to be impossible. Researchers have focused on self-dual codes with the largest possible minimum weights. Many methods have been proposed to find new self-dual codes with good parameters. Searching for such codes with a double circulant form is a very efficient way, which has led to many good codes [21] , [22] , [25] . Harada [24] developed a method involving the double extension of codes. Gaborit and Otmani [20] gave a general experimental method to construct self-dual codes. Huffman [29] constructed binary self-dual codes by applying the automorphism of codes.
In recent years there have been extensive efforts on the construction of self-dual codes by prescribing certain automorphisms. In 1982, Huffman [29] investigated binary self-dual codes with automorphisms of odd prime order and derived the decomposition of such a code as a direct sum of two subcodes. In 1983, Yorgov [43] improved this method and derived necessary and sufficient conditions for codes to be equivalent. In 1997, Buyuklieva [12] developed a new method for constructing binary self-dual codes having an automorphism of order 2. In 2004, Dontcheva et al. [17] extended the results to the decomposition of binary self-dual codes possessing an automorphism of order pq, where p and q are odd prime numbers. This technique yields many extremal or optimal codes which possess an automorphism (see [9] , [10] , [11] , [15] , [39] , [41] , [40] , [42] ).
Let C be a singly even self-dual [n, n/2, d] code and let C 0 be its doubly even subcode that contains all the codewords of weight divisible by 4. There are three cosets C 1 , C 2 , C 3 of C 0 such that C ⊥ 0 = C 0 C 1 C 2 C 3 and C = C 0 C 2 . The set S = C 1 C 3 is called the shadow of C. Concerning the weight enumerator for S, the following theorem was given in [14] . Theorem 1.1: Let S(y) = Σ n r=0 B r y r be the weight enumerator of S. Then the following hold: 1) B r = B n−r for all r, 2) B r = 0 unless r ≡ n/2 (mod 4), 3) B 0 = 0, 4) B r ≤ 1 for r < 2n/d, 5) at most one of B r is nonzero for r < (d + 4)/2.
It was shown in [18] , [27] , [22] 39, 14] codes are listed as follows.
• The existence of such codes with the weight enumerator of the form W 78,1 with α = 0 and β = −19 was asserted in [1] .
• It was shown in [22] that there are exactly six inequivalent double circulant self-dual [78, 39, 14] codes. Five of them have weight enumerators of the form W 78,1 with α = 0 and β = 0. The remaining one has weight enumerator of form W 78,1 with α = 0 and β = −78.
• Gaborit and Otmani [20] constructed a code having weight enumerator of form W 78,1 with α = 0 and β = −26.
• In [23] , Gulliver, Harada, and Kim constructed more than 50 inequivalent codes. Among these codes, one has weight enumerator of form W 78,1 with α = 0 and β = −78, one has weight enumerator of form W 78,2 with α = −135, and all the others have weight enumerators of form W 78,1 with α = 0 and β = 0. We also summarize known results on binary self-dual [116, 58, 18] codes.
• Gaborit and Otmani [20] constructed a self-dual [116, 58, 18] code.
• Yorgova and Wassermann [45] found that there are at least 7 inequivalent self-dual [116, 58, 18] codes with an automorphism of order 23. In this paper, we investigate binary self-dual codes with a dihedral automorphism group D 2p of order 2p, where p is an odd prime. The results will be applied to classify all binary self-dual [78, 39, 14] codes with a dihedral automorphism group D 38 . Some of these have weight enumerator of form W 78,1 with α = 0 and β = −38 (the existence of such codes was previously unknown). Furthermore, we will show that there exist at least 141 inequivalent binary self-dual [116, 58, 18] codes with dihedral automorphism group D 58 . Since the order of the automorphism group is 58 for all of these codes, almost all of them are new up to equivalence.
In [8] , Bouyuklieva and Willems introduced the definition of singly even self-dual codes with minimal shadow. Definition 1.1: We say a self-dual code C of length n = 24m + 8l + 2r with l = 0, 1, 2, r = 0, 1, 2, 3, is a code with minimal shadow if: 1) wt(S) = r if r > 0; and 2) wt(S) = 4 if r = 0. They proved that extremal self-dual codes of lengths n = 24m + 2, 24m + 4, 24m + 6, 24m + 10, and 24m + 22 with minimal shadow do not exist. Moreover, they give explicit bounds in case the shadow is minimal. In this work, we consider extremal self-dual codes with near minimal and near near minimal shadow, and near extremal self-dual codes with minimal, near minimal, and near near minimal shadow and show nonexistence of such codes for certain parameters. This paper is organized as follows. In Section II we first recall some results about binary self-dual codes having an automorphism of odd prime order. Then we extend these results to the case where the codes have dihedral automorphism group D 2p . In Section III we investigate self-dual [78, 39, 14] codes with dihedral automorphism group D 38 and [116, 58, 18] codes with dihedral automorphism group D 58 . In Section IV we prove nonexistence of self-dual codes for certain parameters. Section V concludes the paper.
II. PRELIMINARIES
Let C be a binary code with an automorphism σ of odd prime order p. If σ has c cycles of length p and f fixed points, we say that σ is of type p − (c; f ). Without loss of generality we may write
where Ω i is a p-cycle for i = 1, 2, · · · , c, whereas for i = c + 1, · · · , c + f , Ω i is a fixed point. Let F σ (C) = {v ∈ C|vσ = v} and E σ (C) = {v ∈ C|wt(v| Ωi ) ≡ 0 (mod 2), i = 0, 1, · · · , c + f }, where v| Ωi is the restriction of v to Ω i . With this notation, we have the following lemma.
Lemma 2.1:
Clearly v ∈ F σ (C) if and only if v ∈ C and v is constant on each cycle. Let π :
denote the map defined by π(v| Ωi ) = v j for some j ∈ Ω i and i = 1, 2, · · · , c + f . Then π(F σ (C)) is a binary self-dual code [29] .
By deleting the last f coordinates of E σ (C), we obtain a new code, which is denoted by E σ (C)
p−1 from P , where P is the set of even weight polynomials in
Thus we obtain the map ϕ : E σ (C) * → P c , where P c denotes the module of all c-tuples over P . Clearly, ϕ(E σ (C) * ) is a submodule of the P -module P c . If the multiplicative order of 2 modulo p is p − 1, then the polynomial 1 + x + x 2 + · · · + x p−1 of P is irreducible over F 2 . Hence P is an extension field of F 2 with identity e(x) = x + · · · + x p−1 and the following result holds. Lemma 2.2: [43] Assume that the multiplicative order of 2 modulo p is p − 1. Then a binary code C with an automorphism σ of odd prime order p is self-dual if and only if the following two conditions hold.
(
is a self-dual code of length c over the field P under the inner product
2 . To classify the codes, we need additional conditions for equivalence and we use the following lemma. Lemma 2.3: [44] The following transformations applied to C lead to equivalent codes with automorphism σ: The next definition gives an invariant of a code which was introduced by Dontcheva and Harada [15] . 
where dis(c s , c t ) denotes the Hamming distance between c s and c t . Then I j is an invariant under permutations of the coordinates.
The following two lemmas are efficient in excluding some types of automorphisms of a self-dual code. Lemma 2.4:
2 ) for f > c. Lemma 2.5: [7] Let C be a binary self-dual code of length n and let σ be an automorphism of C of type p − (c; f ), where p is an odd prime. If the multiplicative order of 2 modulo p is even, then c is even.
In order to get our results, we give the following hypothesis. As a preparation, we have the following lemma. Lemma 2.6: Under Hypothesis 2.1, if C has an automorphism σ of type p − (4; f ), then ϕ(E σ (C) * ) is a self-dual [4, 2, 3] code over the field P ∼ = F 2 p−1 .
Proof: According to Lemma 2.2, ϕ(E σ (C) * ) is a self-dual [4, 2] code over the field P ∼ = F 2 p−1 . Since the minimum distance of ϕ(E σ (C) * ) cannot be 4, we only need to prove that ϕ(E σ (C) * ) has minimum distance = 1, 2. Case 1: ϕ(E σ (C) * ) has minimum weight 1. Take u ∈ ϕ(E σ (C) * ) with wt(u) = 1. Then we can assume that u = (v 1 , 0, 0, 0) with
* ) has minimum weight 2.
First we consider the case p ≡ 1 (mod 6) and f = 0. We can write p = 6k + 1, for some integer k ≥ 2. Then n = 24k + 4,
Consequently, g(p − 1) > 12k + 2 = 2p which contradicts the Griesmer Bound [31] .
For the other cases of p and f , a similar discussion leads to a contradiction. Hence, ϕ(E σ (C) * ) can not have minimum weight 2.
Now we are ready to prove our result. Theorem 2.7: Under Hypothesis 2.1, if C has a dihedral automorphism group D 2p , and σ ∈ D 2p is an automorphism of
, and there is a generator matrix of ϕ(E σ (C) * ) that has the form
where a, b are the elements of P of order q−1 and q+1 p , respectively. And
2 . Also, the u i 's satisfy one of the following conditions:
be an automorphism of type p − (4; f ). Without loss of generality, we can write
by Lemma 2.6. Let e be the identity element of P , α a primitive element of P , and set a = α q+1 and b = α (q−1)p . Then by a computation similar to that in [44] , we have
where
Then by Lemma 2.3(b)(d) we may relabel the coordinates so that τ ∈ S where S is the set consisting of the following elements:
We now consider the action of τ on ϕ(E σ (C) * ).
q be the nontrivial Galois automorphism of F 2 p−1 with fixed field F q . Since the computation of each case is similar, we take τ = (1, 2p) · · · (p, p + 1)(2p + 1, 4p) · · · (3p, 3p + 1) as a sample. For the other cases, we just list the results.
The action of τ is given by
Since τ ∈ Aut(C), then σ −1 (τ (E σ (C))) ⊆ C, due to the orthogonality of the rows of matrices (2) and (4), we get the following equations
In the other cases, there is no solution.
Remark 2.1: Our assumptions may seem restrictive, but they make for simple notations and are sufficient for our purposes. Table I .
Proof: Assume that C is a self-dual [78, 39, 14] code having dihedral automorphism group D 38 and let σ ∈ D 38 be an automorphism of order 19. It is easy to see that 19 − (4; 2) is the only possible type for σ by Lemmas 2.4 and 2.5. By Lemma 2.2, π(F σ (C)) is a binary self-dual [6, 3] 
Let P be the vector space of even weight polynomials in
It is easy to verify that the multiplicative orders of a and b are 2 9 − 1 and (2 9 + 1)/19, respectively. Since s(19) = 18, it is easy to verify Hypothesis 2.1. By Theorem 2.7 there is a generator matrix of ϕ(E σ (C) * ) of the form
, and the u i 's satisfy one of the following conditions: (6, 13) , (7, 505) , (9, 59 ), (15, 37) , (19, 105) , (20, 99) , (21, 87) , (25, 251) , (29, 178) , (31, 193) , (34, 175) , (39, 111) , (43, 246) , (45, 61) , (46, 255), (49, 119), (63, 190), (73, 219), (83, 138), (91, 167),  (94, 169), (103, 108), (106, 239), (114, 221), (125, 187), (155, 213), (179, 220), (191, 242) }.
Let G be the automorphism group of the code generated by gen(π(F σ (C))). Let S be the stabilizer of G on the set of fixed points {5, 6}. Suppose s belongs to the symmetric group S 4 . Then we use C s to denote the self-dual code determined by E σ and the matrix π −1 (s(gen(π(F σ (C))))). Therefore, we should analyze the generator matrix
where gen(π(F σ (C))) has been determined in (5) and gen(E σ ) corresponds to (6) with (v 1 , v 2 ) ∈ V , 0 ≤ u i ≤ 26 for i = 1, 2, 3, and the u i 's (i = 1, 2, 3) and s satisfy one of the following conditions: Table I . All the codes have weight enumerators W 78,1 with α = 0, so we just list the values of β. Here I 28 is the intersection number. I is the identity permutation in the group S 4 and ♯Aut denotes the order of the automorphism group of the corresponding code.
Since all the intersection numbers of the codes listed in Table I are different, they are inequivalent. 
where gen(π(F σ (C))) = 1 1 0 0
s ∈ S 4 /S, where S is the automorphism group of the code generated by gen(π(F σ (C))), and gen(E σ (C)) corresponds to
with a = 
14 − 2 and 0 ≤ u i ≤ 564 for i = 1, 2, 3. The u i 's also satisfy one of the following conditions:
Using MAGMA [5] , we found at least 141 inequivalent self-dual [116, 58, 18] codes with dihedral automorphism group D 58 . The corresponding values of the parameters are given in Table V . Here A 18 denotes the number of codewords with weight 18, and I 36 is the intersection number. I is the identity permutation in the group S 4 and ♯Aut denotes the order of the automorphism group of the corresponding code.
It is easy to see that all the intersection numbers of the codes listed in Table V are different, hence they are inequivalent. Since all the automorphism groups have order 58, they are inequivalent with the codes constructed in [45] .
IV. NONEXISTENCE OF SOME SELF-DUAL CODES

A. Some Restrictions on Weight Enumerators
In this section, we study the nonexistence of some self-dual codes. According to [14] , if C is a singly-even self-dual code of length n = 24m + 8l + 2r with l = 0, 1, 2 and r = 0, 1, 2, 3, the weight enumerator of C and S are given by:
We can write the c i as a linear combination of the a i and as a linear combination of the b i [36] :
As a preparation, we give the definition of near minimal shadow and near near minimal shadow. This gives us c 2m+1 = α 2m+1,0 = β 2m+1,1 . The α ij and β ij were computed in [8] and so we get
which has no integer solution.
For the case when r = 1 and l = 1, again we must have b m−1 = 0. Then (11) gives us
and so
which must be an integer for such a code to exist. For the case when r = 2 and l = 0 we have b 2 = b 3 = · · · = b m−2 = 0 and from (11) we get
which must be an integer for such a code to exist. 
which must be an integer for such a code to exist. For the near extremal self-dual code, we have a similar result. where ǫ = 0 if r > 0 and ǫ = 1 if r = 0. According to [36] we have
We also have β 2m,0 = 2 
which must be an integer for such a code to exist, and if r = 2, (11) gives us
which must also be an integer for a code to exist. If C is an extremal self-dual code of length 24m + 8l + 2r with near near minimal shadow we get by a similar argument as above that
whence the following.
Theorem 4.3:
An extremal self-dual code of length 24m + 8l + 2r with near near minimal shadow does not exist whenever r = 1 and l = 0 and 2
is not an integer. We will also make use of the following lemma, which was originally proved by Ray-Cahaudhuri and Wilson in [38] . 
B. Application to Self-Dual Codes of Lengths 74, 76, 82, 98, and 100
In [18] several weight enumerators are computed for binary singly even self-dual codes of length n for 66 ≤ n ≤ 100. For each length they give a combination of weight enumerators for that of a code with minimal, near minimal, and near near minimal shadow. We have eliminated several of the possibilities by using (12)- (16) either to show the value is not an integer, or that it does not agree with the value computed in [18] . For n = 74 and n = 98 we get resp. 5447/3 and 38301/2 as the value b m and so Part 1 of Theorem 4.2 applies. For n = 76, 82, 100 we use resp. (16), (12) , (16) to get values (Table IV) that do not agree with those given in [18] , which were computed using the method introduced by Conway and Sloane in [14] . We also use the comment following Lemma 4.4 to narrow the possible range for the parameter in the near near extremal weight enumerators for cases n = 82 and 100. These restrictions are summarized in Tables II and III below. We now list the possible weight enumerators of extremal and near extremal singly even self-dual codes of lengths n = 74, 76, 82, 98, and 100.
• The possible weight enumerators for self-dual [74, 37, 14] The weight enumerator for the minimal shadow case was eliminated in this paper. There is no known code for either case. The weight enumerator for the minimal shadow case was eliminated in this paper. In [1] , a code with weight enumerator W 1 for α = 0 was constructed by assuming an automorphism of order 19. It is shown in [16] that there are exactly three inequivalent self-dual [76, 38, 14] codes having an automorphism of order 19. All of these have weight enumerator W 1 with α = 0. The weight enumerator for the near minimal shadow case was eliminated, and the range for the parameter in the near near minimal shadow case was improved in this paper. There is no known code with this weight enumerator. The weight enumerator for the minimal shadow case was eliminated in this paper. The range for the parameter in the near near minimal shadow case was improved in [27] . There is no known code for either case. The weight enumerator for the near minimal shadow case was eliminated, and the range for the parameter in the near near minimal shadow case was improved in this paper. There is no known code for either case.
V. CONCLUSION
This paper demonstrates some results on self-dual codes. We make two contributions to this topic. The first one is the decomposition of binary self-dual [4p + f, 2p + The second one is the restriction of the extremal self-dual codes with near minimal shadow, and near extremal self-dual codes with minimal, near minimal, and near near minimal shadow. And using these results, we eliminate some of the possible weight enumerators of self-dual codes with lengths 74, 76, 82, 98 and 100 determined in [14] and [18] . Self-dual codes with these weight enumerators have been constructed only for the length 76 [16] , [1] . Constructing the self-dual codes with these weight enumerators of other lengths seems to be a challenging problem. 
